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A group G is said to satisfy max-∞ if each nonempty set of inﬁnite subgroups of
G has a maximal element. A group G is said to satisfy min-∞ if each nonempty set
of subgroups of G with inﬁnite index has at least one minimal element.
Groups with max-∞ or min-∞ are the subject of this paper. Abelian, nilpotent,
and solvable groups with max-∞ or min-∞ are examined in detail and structure
theorems are given in each case. We then characterize the groups with max-∞ or
min-∞ in the smallest class of groups containing all linear groups which is locally
closed and closed with respect to the formation of ascending series with factors in
the class.  2002 Elsevier Science (USA)
1. INTRODUCTION
Historical Remarks
The ﬁrst appearance of chain conditions in algebra was in the work of
E. Noether and E. Artin in the 1920s and 1930s. The maximal and minimal
conditions on ideals of a ring were considered. Subsequently the maximal
and minimal conditions on classes of subgroups of a group were studied by
R. Baer, S. N. Cˇernikov, K. A. Hirsch, O. J. Schmidt, and others.
It is well known that a group is polycyclic if and only if it is solvable
and satisﬁes max [6, 5.4.2]. The structure of solvable groups with min was
determined by Cˇernikov: a solvable group satisﬁes min if and only if it is an
extension of a direct product of ﬁnitely many quasicyclic groups by a ﬁnite
group [6, 5.4.23].
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Recently there has been interest by group theorists in weaker forms of
the maximal and minimal conditions on classes of subgroups. A group G is
said to satisfy weak max (the weak maximal condition on subgroups) if
there does not exist an inﬁnite properly ascending chain of subgroups G1 <
G2 < · · · such that Gi+1  Gi = ∞ for each i. Similarly, a group G is said
to satisfy weak min (the weak minimal condition on subgroups) if it has no
inﬁnite properly descending chain of subgroups G1 > G2 > · · · such that
Gi  Gi+1 = ∞ for each i.
In 1968, D. I. Zaicˇev published papers [10] and [11] on locally ﬁnite
groups and locally solvable groups satisfying weak min, in which he proved
the following theorems: for locally ﬁnite groups, min and weak min are
equivalent and locally solvable groups with weak min are solvable.
Although the conditions max and min are very different, the properties
weak max and weak min are much closer. Weak max and weak min are the
same property for abelian groups. More generally, the classes of solvable
groups with weak max or weak min coincide with the class of solvable
minimax groups. In this paper we consider some chain conditions on classes
of subgroups of a group which are stronger than weak max and weak min
but much weaker than max and min.
The Chain Conditions Max-∞ and Min-∞
A group G is said to satisfy max-∞ if and only if each nonempty set of
inﬁnite subgroups of G has a maximal element or equivalently, if and only
if there does not exist an inﬁnite properly ascending chain G1 < G2 < · · ·
of inﬁnite subgroups. An example of an abelian group with max-∞ is p∞ ,
the Pru¨fer group of type p∞. We notice that p∞ does not satisfy max and
hence the class of groups satisfying max-∞ strictly contains the class of
groups satisfying max.
A group G is said to satisfy min-∞ if and only if each nonempty set
of subgroups of G with inﬁnite index has at least one minimal element or
equivalently, if and only if there does not exist an inﬁnite properly descend-
ing chain G1 > G2 > · · · of subgroups of inﬁnite index in G. Note that the
inﬁnite cyclic group C∞ satisﬁes min-∞, but not min. Hence the class of
groups with min is strictly contained in the class of groups with min-∞.
We note that the additive group of dyadic rationals m/2n  m
n ∈ 	 is
minimax. As noted above, this group then satisﬁes both weak max and weak
min. It is easily seen that this group satisﬁes neither max-∞ nor min-∞, so
max-∞ is stronger than weak max and min-∞ is stronger than weak min.
A motivation for our study is to estimate the inﬂuence of max-∞ and
min-∞ on the subgroup lattice of the inﬁnite subgroups and the subgroups
of inﬁnite index.
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We now consider dual cases of previous deﬁnitions. A group G is said
to satisfy max-∞∗ if and only if each nonempty set of subgroups of inﬁnite
index in G has a maximal element or equivalently, if and only if there does
not exist an inﬁnite properly ascending chain G1 < G2 < · · · of subgroups
of inﬁnite index in G.
A group G is said to satisfy min-∞∗ if and only if each nonempty set
of inﬁnite subgroups has a minimal element or equivalently, if and only if
there does not exist an inﬁnite properly descending chain G1 > G2 > · · · of
inﬁnite subgroups. So there are four chain conditions to consider. However,
it is clear that not all of these conditions are different.
Lemma 1.1. The class of groups satisfying max-∞∗ coincides with the class
of groups satisfying max, and similarly min-∞∗ and min are the same property.
Hence there really are just two chain conditions to study here: max-∞
and min-∞. Groups with these properties are the subject of this paper.
Scope of the Study
We begin our study by establishing the fundamental properties of groups
with max-∞ or min-∞. We then characterize successively abelian groups
with max-∞ or min-∞ (Theorems 3.1, 3.2), nilpotent groups with max-∞
or min-∞ (Theorems 4.2, 4.3), and solvable groups with max-∞ or min-∞
(Theorems 5.1, 5.2). In addition, we study necessary and sufﬁcient condi-
tions for locally (solvable-by-ﬁnite) groups and linear groups to have max-∞
or min-∞ (Theorems 8.1, 8.2 and Theorems 9.4, 9.5). Finally, we apply
the above results to obtain characterizations of the groups with max-∞ or
min-∞ in the smallest class of groups containing all linear groups which is
locally closed and closed with respect to the formation of ascending series
with factors in the class (Theorem 10.2).
2. PRELIMINARY RESULTS
We begin our study by establishing the fundamental properties of groups
with max-∞ or min-∞. These results are enormously useful and will be
used throughout this work. The ﬁrst one is obvious.
Lemma 2.1. Let G be a group with max-∞. If N is an inﬁnite normal
subgroup of G, then G/N satisﬁes max.
Another useful result about max-∞ is:
Lemma 2.2. A group G with max-∞ is either ﬁnitely generated or locally
ﬁnite.
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Proof. Suppose that the lemma is false. Let X be a ﬁnitely generated
inﬁnite subgroup. Deﬁne Gi = X
g1
 g2
    
 gi for some g1
 g2
    
 gi.
Since G is not ﬁnitely generated, we can choose gi ∈ X
g1
 g2
    
 gi−1.
Then X = G0 < G1 < · · · is an inﬁnite ascending chain of inﬁnite sub-
groups of G, a contradiction.
The next two results are duals of the ﬁrst two lemmas.
Lemma 2.3. Let G be a group with min-∞. If H is a subgroup of G with
inﬁnite index, then H satisﬁes min.
Lemma 2.4. A group G with min-∞ is either inﬁnite cyclic-by-ﬁnite or
torsion.
Proof. Suppose that G has an element g of inﬁnite order and put H =
g. If G  H = ∞, then H has min by Lemma 2.3, which cannot be true.
Hence G  H <∞. Let HG be the core of H in G. Then G  HG <∞.
Since HG ≤ H, it is either trivial or inﬁnite cyclic. If HG = 1, then G is
ﬁnite, which is not true. Thus HG must be an inﬁnite cyclic subgroup of G.
Therefore, G is inﬁnite cyclic-by-ﬁnite.
We shall now establish two more basic properties on groups with max-∞
or min-∞.
Lemma 2.5. Let G be a group with max-∞ or min-∞. Then no subgroup
of G can be a direct product of inﬁnitely many non-trivial subgroups.
Proof. Suppose that the lemma is false. Then there exists a subgroup
H such that H = H1 ×H2 × · · ·, with Hi = 1. We now write H = A× B,
where A = H1 ×H3 × · · ·, B = H2 ×H4 × · · ·. If G has max-∞, then so
does H; hence B  H/A satisﬁes max by Lemma 2.1, which cannot be
true. Similarly, if G has min-∞, then A satisﬁes min by Lemma 2.3, a
contradiction.
Lemma 2.6. The properties max-∞ and min-∞ are quotient closed.
A group which is an extension of a ﬁnite direct product of quasicyclic
groups by a ﬁnite group is called a Cˇernikov group. The structure of
Cˇernikov groups with max-∞ is described by the following theorem. This
will eventually provide a criterion for certain classes of groups to have
max-∞.
Theorem 2.7. A Cˇernikov group G satisﬁes max-∞ if and only if it is
Pru¨fer-by-ﬁnite.
Proof. Suppose that G satisﬁes max-∞. As G is Cˇernikov, there is a
normal subgroup N which is a direct product of ﬁnitely many Pru¨fer groups
such that G/N is ﬁnite. Write N additively as N = P1 ⊕ P2 ⊕ · · · ⊕ Pk for
some k, where each Pi is Pru¨fer. Since G satisﬁes max-∞, so does N . If
chain conditions 295
k > 1, then P1 ⊕ P2 ⊕ · · · ⊕ Pk−1  N/Pk satisﬁes max by Lemma 2.1,
which is a contradiction. Thus k = 1 and hence N = P1. Therefore G is
Pru¨fer-by-ﬁnite.
Conversely, suppose that G is Pru¨fer-by-ﬁnite. Let P be a normal Pru¨fer
subgroup of G with G/P ﬁnite. Assume that G1 < G2 < · · · is an inﬁnite
ascending chain of inﬁnite subgroups of G. If Gi ∩ P is ﬁnite for some i,
then, since Gi  Gi ∩ P ≤ G  P <∞, we deduce that Gi must be ﬁnite,
a contradiction. Hence Gi ∩ P = P for all i since P has no proper inﬁnite
subgroups. Thus P ≤ Gi for all i and so G1/P < G2/P < · · · is an inﬁnite
ascending chain of subgroups of G/P , which is impossible.
If  is a class of groups, a group is said to be poly- if it has a series
of ﬁnite length in which each factor is an -group. A group G is called
polycyclic if it has a series with cyclic factors. Since polycyclic (Cˇernikov)
groups can be identiﬁed as the solvable groups with max (min, respectively),
the next result is the dual of Theorem 2.7 and it will be useful in identifying
structure of certain classes of groups with min-∞.
Theorem 2.8. A polycyclic-by-ﬁnite group G satisﬁes min-∞ if and only
if it is inﬁnite cyclic-by-ﬁnite.
Proof. Necessity of the condition follows from Lemma 2.4. Suppose that
G is inﬁnite cyclic-by-ﬁnite. Let C be an inﬁnite cyclic normal subgroup of
G with ﬁnite index. Assume that G does not satisfy min-∞. Then there is
an inﬁnite descending chain G1 > G2 > · · · of subgroups of inﬁnite index
in G. Since G1 ∩ C ≤ C, it is either trivial or inﬁnite cyclic. If G1 ∩ C = 1,
then G1  G1/G1 ∩ C  G1C/C ≤ G/C. It follows that G1 is ﬁnite, which
is not true. Now if G1 ∩ C is inﬁnite cyclic, then G1 ∩ C has ﬁnite index in
G. Hence G  G1 ≤ G  G1 ∩ C <∞, a contradiction.
We turn now to the countability of groups satisfying max-∞.
Proposition 2.9. Every group with max-∞ is countable.
Proof. Assume that a group G has max-∞, but not max. Then there is
an inﬁnite ascending chain H1 < H2 < · · · of ﬁnite subgroups of G. Let
H = ⋃i Hi. Then H is countably inﬁnite and so G = H
g1
 g2
    
 gn
for some g1
 g2
    
 gn. Hence G is countable.
It is not true that groups with min-∞ are countable, although Karbe [2]
has shown that metanilpotent torsion groups with weak min-n (the weak
minimal condition on normal subgroups) are countable. Indeed, there is
an uncountable group with min, but not weak max [3, Theorem 35.2 and
Corollary 35.5].
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3. ABELIAN GROUPS
We begin this section by recalling the notion of the rank. By the rank of
an abelian group we mean Pru¨fer rank, the minimal number of generators
for every ﬁnitely generated subgroup.
The following result of Kurosˇ is helpful in investigating abelian groups
with min-∞: an abelian p-group has ﬁnite p-rank if and only if it is a direct
sum of ﬁnitely many cyclic and quasicyclic groups. Hence for an abelian
p-group to have ﬁnite rank is equivalent to the minimal condition.
We now identify the structure of abelian groups satisfying max-∞ or
min-∞.
Theorem 3.1. An abelian group A satisﬁes max-∞ if and only if it is
either ﬁnitely generated or Pru¨fer-by-ﬁnite.
Proof. Let A be written additively. Sufﬁciency follows from Theorem
2.7. Suppose that A satisﬁes max-∞, but not max. Then A must be torsion
by Lemma 2.2. Hence A is the direct sum of ﬁnitely many non-trivial pri-
mary components by Lemma 2.5. In fact, only one primary component can
be inﬁnite, say Ap, since A/Ap is ﬁnite by Lemma 2.1.
We now claim that A has ﬁnite rank. For otherwise, letM = a1
 a2
   	
be an inﬁnite maximal independent subset of A with ai = pmi > 1. Then
M0 = pm1−1a1
 pm2−1a2
   	
is an independent subset of M with M = M0. Since M0 is elementary
abelian, it is ﬁnite by Lemma 2.5, which is a contradiction. Thus A has
ﬁnite rank and hence it is a direct sum of ﬁnitely many ﬁnite cyclic and
Pru¨fer groups. This implies that A is a ﬁnite extension of an abelian group
with min. Thus A is Cˇernikov, so it is Pru¨fer-by-ﬁnite by Theorem 2.7.
Next we prove the dual of Theorem 3.1.
Theorem 3.2. An abelian group A satisﬁes min-∞ if and only if it either
has min or is inﬁnite cyclic-by-ﬁnite.
Proof. The group A is written additively. Sufﬁciency is an immediate
consequence of Theorem 2.8. Suppose that A satisﬁes min-∞, but not min.
Then it is sufﬁcient to show that A is not torsion by Lemma 2.4. Assume
that A is torsion. Then A is the direct sum of ﬁnitely many non-trivial
primary components by Lemma 2.5. Now since A does not satisfy min,
only one primary component Ap can be inﬁnite by Lemma 2.3. Hence we
can assume that the p-rank of A is inﬁnite. But then A has an inﬁnite
elementary abelian p-subgroup, which contradicts Lemma 2.5. Therefore
A is inﬁnite cyclic-by-ﬁnite.
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We recall that a group is called minimax if it has a series of ﬁnite length
whose factors satisfy either max or min. By Theorems 3.1 and 3.2, every
poly-(max-∞ or min-∞) abelian group is minimax. Hence we have:
Corollary 3.3. The poly-(max-∞ or min-∞) abelian groups are just the
abelian minimax groups.
4. NILPOTENT GROUPS
We begin with a well-known remark on nilpotent groups.
Lemma 4.1 [6, 5.2.6]. Let  be a group-theoretical property which is inher-
ited by images of tensor products (over ) and by extensions. If G is a nilpotent
group such that Gab has  , then G also has  .
By taking for  the class of groups with max, one obtains the following
important consequence: if G is a nilpotent group and Gab has max, then
so does G. Another possibility for  is the class of groups that satisfy min.
The center of a group G will be written ZG. We recall a well-known result
of Baer: a nilpotent group G satisﬁes min if and only if ZG satisﬁes min
and G/ZG is a ﬁnite group. Bearing this in mind, we now state the main
theorem for the structure of nilpotent groups with max-∞.
Theorem 4.2. A nilpotent group G satisﬁes max-∞ if and only if either it
is ﬁnitely generated or it has a central Pru¨fer subgroup of ﬁnite index.
Proof. Sufﬁciency follows immediately from Theorem 2.7. Suppose that
G satisﬁes max-∞, but not max. If Gab satisﬁes max, then so does G, a
contradiction. Thus Gab does not satisfy max, so Gab is Pru¨fer-by-ﬁnite by
Theorem 3.1. Hence Gab has min and so does G. Thus ZG satisﬁes min
and G/ZG is ﬁnite. Now, since ZG is an abelian group with min, it is
a direct sum of ﬁnitely many Pru¨fer groups and ﬁnite cyclic groups. Hence
ZG is Cˇernikov and so it is Pru¨fer-by-ﬁnite by Theorem 2.7. Therefore,
G has a central Pru¨fer subgroup of ﬁnite index.
We turn now to the dual of Theorem 4.2.
Theorem 4.3. A nilpotent group G satisﬁes min-∞ if and only if either it
satisﬁes min or it has a central inﬁnite cyclic subgroup of ﬁnite index.
Proof. Sufﬁciency has already been proved by Theorem 2.8. Suppose
that G satisﬁes min-∞, but not min. If Gab has min, then so does G, a
contradiction. Thus Gab does not satisfy min, so Gab is inﬁnite cyclic-by-
ﬁnite by Theorem 3.2. Hence Gab is ﬁnitely generated and so is G. This
implies that ZG contains an element g of inﬁnite order. For otherwise
ZG is ﬁnitely generated abelian torsion and so is ﬁnite, and hence G has
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ﬁnite exponent, from which it follows that G is ﬁnite, a contradiction. Now
g G since g ∈ ZG. Note that G/g is ﬁnite, for otherwise g satisﬁes
min by Lemma 2.3, which cannot be true. Therefore, G/g is ﬁnite and
hence G has a central inﬁnite cyclic subgroup of ﬁnite index.
Next we consider how many nilpotent groups G with max-∞ exist for
given G/P and a central Pru¨fer p-group P . Let G be a central Pru¨fer-by-
ﬁnite nilpotent group. Let P be a central Pru¨fer subgroup of type p∞ with
G/P ﬁnite nilpotent. We can regard P as a trivial G/P-module. Then, by
the Universal Coefﬁcient Theorem, there is an exact sequence
0→ ExtG/Pab
 P → H2G/P
P → HomMG/P
 P → 0

where MG/P is the Schur multiplicator. Note that ExtG/Pab
 P = 0
because P is divisible. Thus H2G/P
P  HomMG/P
 P. This is ﬁnite
and equals 0 if p  G/P [1, Chapter III, (10.2) Corollary]. So there are
only ﬁnitely many possible groups G for given G/P and p.
There is an analogous result for central inﬁnite cyclic-by-ﬁnite nilpotent
groups G. Let C be a central inﬁnite cyclic subgroup of G with G/C ﬁnite
nilpotent. Then there is an exact sequence
0→ ExtG/Cab
 C → H2G/C
C → HomMG/C
 C → 0
Since MG/C is ﬁnite and C is inﬁnite cyclic, HomMG/C
 C = 0.
Therefore, H2G/C
C  ExtG/Cab
 C  G/Cab. Thus there are
only ﬁnitely many possible groups G for given G/C.
5. SOLVABLE GROUPS
We ﬁrst determine the structure of solvable groups with max-∞.
Theorem 5.1. A solvable group G satisﬁes max-∞ if and only if it is either
polycyclic or Pru¨fer-by-ﬁnite.
Proof. Assume that G is a solvable group with max-∞, but not max.
Let 1 = G0 G1  · · · Gn = G be an abelian series of G. We argue by
induction on n. If n ≤ 1, then G is abelian and the result is known. So
suppose that n > 1 and put N = Gn−1.
Case: N satisﬁes max. If N is inﬁnite, then G/N has max and so does
G, which is a contradiction. Thus N must be ﬁnite and so G/N is Pru¨fer-
by-ﬁnite. Hence G is Cˇernikov and so is Pru¨fer-by-ﬁnite by Theorem 2.7.
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Case: N does not satisfy max. Then N is Pru¨fer-by-ﬁnite by induction.
Hence G/N has max and so is ﬁnitely generated. If G/N is not torsion,
then it has an element gN of inﬁnite order. Thus g ∩N = 1 and g is
an inﬁnite cyclic subgroup of G. Let N have a normal Pru¨fer subgroup P
of type p∞ with N/P ﬁnite. Then g ∩ P = 1 also. If Pi = x ∈ Pxpi = 1	,
then Pi G for all i. So g < gP1 < gP2 < · · · is an inﬁnite ascending
chain of inﬁnite subgroups of G, which is a contradiction. Hence G/N is
torsion and so is ﬁnite since it is ﬁnitely generated abelian. Therefore, G is
Cˇernikov and hence is Pru¨fer-by-ﬁnite by Theorem 2.7.
The identiﬁcation of solvable groups satisfying min-∞ is much easier.
Theorem 5.2. A solvable group G satisﬁes min-∞ if and only if it is either
Cˇernikov or inﬁnite cyclic-by-ﬁnite.
Proof. Only necessity is in doubt by Theorem 2.8. Suppose that G sat-
isﬁes min-∞, but not min. We must show that it is inﬁnite cyclic-by-ﬁnite.
So it is enough to show that G is not torsion by Lemma 2.4. Let d be the
derived length of G. If d ≤ 1, then G is abelian and the result is known. So
suppose that d > 1 and put A = Gd−1. If G/A does not satisfy min, then
it is inﬁnite cyclic-by-ﬁnite by induction. Thus there is an inﬁnite cyclic sub-
group gA G/A. Then g is an inﬁnite cyclic subgroup of G and hence
G cannot be torsion. Now if G/A has min, then A does not satisfy min;
for otherwise G has min. Hence A is inﬁnite cyclic-by-ﬁnite by Theorem
3.2 and so G is not torsion.
6. LOCALLY FINITE GROUPS
The following result, which is due to Sˇunkov, is important for the struc-
ture of locally ﬁnite groups with max-∞ or min-∞. We write min-ab for
the minimal conditions on abelian subgroups.
Theorem 6.1 (Sˇunkov [7, Theorem 5]). A locally ﬁnite group satisfying
min-ab is Cˇernikov.
We can now characterize locally ﬁnite groups with max-∞.
Theorem 6.2. A locally ﬁnite group G satisﬁes max-∞ if and only if it is
ﬁnite or Pru¨fer-by-ﬁnite.
Proof. Suppose that G satisﬁes max-∞, but not max. Let A be an
abelian subgroup of G. By Theorems 6.1 and 2.7, it is enough to show
that A has min. If A is ﬁnite, then it clearly has min. Hence we can assume
that A is inﬁnite. Since A cannot be ﬁnitely generated, it must be Pru¨fer-by-
ﬁnite by Theorem 3.1. Thus A has min, as required. The converse follows
from Theorem 2.7.
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Corollary 6.3. A residually ﬁnite group G with max-∞ satisﬁes max.
Proof. Suppose that G does not satisfy max. Then there is an inﬁnite
ascending chain H1 < H2 < · · · of ﬁnite subgroups of G. Put H =
⋃
i Hi.
Then H is clearly locally ﬁnite and so is Pru¨fer-by-ﬁnite by Theorem 6.2.
But G is residually ﬁnite, so H is ﬁnite, a contradiction.
Theorem 6.4. A locally ﬁnite group G with min-∞ satisﬁes min.
Proof. Suppose that G does not satisfy min. Then G is torsion by
Lemma 2.4. Let A be an abelian subgroup of G. We claim that A has min.
If A is ﬁnite, then it clearly has min. Now if A is inﬁnite, then either A is
inﬁnite cyclic-by-ﬁnite or it has min by Theorem 3.2. Since G is torsion, A
must have min. Thus every abelian subgroup of G satisﬁes min and hence
G is Cˇernikov by Theorem 6.1. This is a contradiction.
7. LOCALLY SOLVABLE GROUPS
The key lemma for the structure of locally solvable groups with max-∞
or min-∞ is the following important theorem of Cˇernikov.
Theorem 7.1 [4, Theorem 3.45]. A locally solvable group satisfying min-
ab is a Cˇernikov group.
This is used to characterize locally solvable groups with max-∞ or
min-∞.
Theorem 7.2. A locally solvable group G satisﬁes max-∞ if and only if it
is either polycyclic or Pru¨fer-by-ﬁnite.
Proof. Sufﬁciency follows from Theorem 2.7. Suppose that G satisﬁes
max-∞, but not max. Let A be an abelian subgroup of G. Then A is either
ﬁnitely generated or Pru¨fer-by-ﬁnite by Theorem 3.1. If every A is Pru¨fer-
by-ﬁnite and hence has min, then G is Cˇernikov by Theorem 7.1. Hence
G is Pru¨fer-by-ﬁnite by Theorem 2.7 and so we are done. If, on the other
hand, some A does not have min, and so is ﬁnitely generated, then A
cannot be torsion and so G is ﬁnitely generated by Lemma 2.2. It follows
that G is solvable with max-∞, but not max. Therefore, it is Pru¨fer-by-ﬁnite
by Theorem 5.1.
Theorem 7.3. A locally solvable group G satisﬁes max-∞ if and only if it
is either Cˇernikov or inﬁnite cyclic-by-ﬁnite.
Proof. Suppose thatG satisﬁes min-∞, but not min. LetA be an abelian
subgroup of G. Then either A has min or it is inﬁnite cyclic-by-ﬁnite by
Theorem 3.2. If every such A has min, then G is Cˇernikov by Theorem 7.1,
which is a contradiction. Thus some A must be inﬁnite cyclic-by-ﬁnite.
Therefore, G is not torsion and hence it is inﬁnite cyclic-by-ﬁnite by Lemma
2.4. The converse is an immediate consequence of Theorem 2.8.
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8. LOCALLY (SOLVABLE-BY-FINITE) GROUPS
Now we combine the results of Sections 6 and 7 by dealing with locally
(solvable-by-ﬁnite) groups satisfying max-∞ or min-∞.
Theorem 8.1. A locally (solvable-by-ﬁnite) group G satisﬁes max-∞ if
and only if it is either polycyclic-by-ﬁnite or Pru¨fer-by-ﬁnite.
Proof. Only necessity is in doubt by Theorem 2.7. Suppose that G satis-
ﬁes max-∞, but is not polycyclic-by-ﬁnite. Then G cannot satisfy max. We
know that G is either ﬁnitely generated or locally ﬁnite by Lemma 2.2. If
G is locally ﬁnite, then it is Pru¨fer-by-ﬁnite by Theorem 6.2. So we can
assume that G is ﬁnitely generated and hence solvable-by-ﬁnite. Then G
has a normal solvable subgroup N with ﬁnite index. If N has max, so does
G, a contradiction. Thus N is a solvable group with max-∞, but not max.
Hence N is Pru¨fer-by-ﬁnite by Theorem 5.1. Let P be a normal Pru¨fer sub-
group of N with N/P ﬁnite. Since N has ﬁnite index in G, so does P . Also,
since P is a characteristic subgroup of N and N G, it follows that P G.
Therefore, G is Pru¨fer-by-ﬁnite.
The next result is the dual of Theorem 8.1.
Theorem 8.2. A locally (solvable-by-ﬁnite) group G has min-∞ if and
only if it is either Cˇernikov or inﬁnite cyclic-by-ﬁnite.
Proof. Sufﬁciency follows at once from Theorem 2.8. Suppose that G
satisﬁes min-∞. If G has min, then it is torsion. Hence G is locally ﬁnite,
so it is Cˇernikov by Theorem 6.4. If, on the other hand, G does not have
min, then G is not torsion. For if G is torsion, then it is locally ﬁnite;
thus G is Cˇernikov by Theorem 6.4, a contradiction. Hence G is inﬁnite
cyclic-by-ﬁnite by Lemma 2.4.
9. LINEAR GROUPS
Let n be a positive integer and let F be a ﬁeld. A group G is said to
be F-linear (or simply linear if the ﬁeld is understood) if it is isomorphic
with a subgroup of the matrix group GLn
 F, the group of all n× n non-
singular matrices over F . We begin by noting the following very well-known
theorems in the theory of linear groups.
Theorem 9.1 [9, Corollary 4.9]. A linear torsion group is locally ﬁnite.
The next result is usually called the Tits Alternative.
Theorem 9.2 (Tits [8, Corollary 1]). A ﬁnitely generated linear group
either contains a free subgroup of rank > 1 or is solvable-by-ﬁnite.
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We ﬁrst note the following simple fact:
Lemma 9.3. A free group F of rank > 1 does not satisfy max-∞ or min-∞.
Proof. Since F is torsion-free and has inﬁnite cyclic subgroups of inﬁnite
index, it does not satisfy min-∞. Next, since F has rank > 1, F ′ is a free
group of inﬁnite rank. Since F ′ is not ﬁnitely generated, it does not satisfy
max-∞ by Lemma 2.2. Therefore, F does not satisfy max-∞ either.
We can now identify the linear groups with max-∞ or min-∞.
Theorem 9.4. A linear group G satisﬁes max-∞ if and only if it is either
polycyclic-by-ﬁnite or Pru¨fer-by-ﬁnite.
Proof. Only necessity is in doubt by Theorem 2.7. Suppose that G has
max-∞.
Case: G is ﬁnitely generated. Then, by Theorem 9.2 and Lemma 9.3, G
is solvable-by-ﬁnite. HenceG is either polycyclic-by-ﬁnite or Pru¨fer-by-ﬁnite
by Theorem 8.1.
Case: G is not ﬁnitely generated. Then G is locally ﬁnite by Lemma 2.2.
Thus G is Pru¨fer-by-ﬁnite by Theorem 6.2.
Note that every polycyclic-by-ﬁnite group is linear over  [4, Theorem
10.11] and every Pru¨fer-by-ﬁnite group is linear over . The dual of Theo-
rem 9.4 is much easier to characterize.
Theorem 9.5. A linear group G has min-∞ if and only if it is either
Cˇernikov or inﬁnite cyclic-by-ﬁnite.
Proof. Suppose that G has min-∞. Assume that G is not inﬁnite cyclic-
by-ﬁnite. Then it is torsion by Lemma 2.4. Thus G is locally ﬁnite by The-
orem 9.1, so it is Cˇernikov by Theorem 6.4. The converse follows at once
from Theorem 2.8.
10. GENERALIZATIONS
In this section, we prove two theorems which generalize most of our
results about classes of groups with max-∞ or min-∞ obtained so far.
Recall that if  is a class of groups, then L is the class of locally -
groups and P´ is the class of groups which have an ascending series with
factors in .
Proposition 10.1. Let  be the smallest class of groups containing the
class of linear groups (over ﬁelds) which is L-closed and P´-closed. If G belongs
to  and has max-∞ or min-∞, then it is solvable-by-ﬁnite.
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Proof. Set
α = LP´α 

where α is an ordinal and  is the class of linear groups. Then
 =⋃
α
α
Let G ∈ , so that G ∈ α for some α, and suppose that G has max-∞
or min-∞. We argue by transﬁnite induction that G is solvable-by-ﬁnite. If
this is false, then there is a ﬁrst ordinal α such that α contains a group
G with max-∞ or min-∞ which is not solvable-by-ﬁnite. If α = 0, then
G ∈  and hence G is solvable-by-ﬁnite by Theorems 9.4 and 9.5. This is a
contradiction. Now if α were a limit ordinal, then
α =
⋃
γ<α
γ
and, any group in γ with max-∞ or min-∞ being solvable-by-ﬁnite for
γ < α, it would follow that every group in α with max-∞ or min-∞ is
solvable-by-ﬁnite, which is a contradiction. So α − 1 exists and any group
in α−1 with max-∞ or min-∞ is solvable-by-ﬁnite. Since G ∈ LP´α−1,
a ﬁnitely generated subgroup H of G has an ascending series 1 = H0 
H1  H2  · · · Hβ = H whose factors are solvable-by-ﬁnite.
First suppose that G has min-∞. Then we can assume that G is not
inﬁnite cyclic-by-ﬁnite. Hence G is torsion by Lemma 2.4. Thus each factor
Hγ+1/Hγ is torsion and solvable-by-ﬁnite, so it is locally ﬁnite. Since L is
P´ and L-closed, where  is the class of ﬁnite groups, G is locally ﬁnite and
hence it is solvable-by-ﬁnite by Theorem 6.4, which is a contradiction.
Next suppose that G has max-∞. Then we can assume that G is not
locally ﬁnite; for otherwise G is solvable-by-ﬁnite by Theorem 6.2, a con-
tradiction. Thus G is ﬁnitely generated by Lemma 2.2. Hence G ∈ P´α−1
and there is an ascending series 1 = G0 G1  · · · Gβ = G whose factors
are solvable-by-ﬁnite. Let γ be the ﬁrst ordinal for which Gγ is not solvable-
by-ﬁnite. If γ were a limit ordinal, then Gγ would be locally (solvable-by-
ﬁnite), a contradiction. Thus both Gγ−1 and Gγ/Gγ−1 are solvable-by-ﬁnite.
Hence Gγ is solvable-by-ﬁnite, which is a contradiction.
To conclude this work, we use the above result to prove our main
theorem.
Theorem 10.2. Let  be the smallest class of groups containing the class
of linear groups which is L-closed and P´-closed. If G ∈ , then G has max-∞
if and only if it is either polycyclic-by-ﬁnite or Pru¨fer-by-ﬁnite. Similarly, G has
min-∞ if and only if it is either Cˇernikov or inﬁnite cyclic-by-ﬁnite.
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Proof. Suppose that G ∈  satisﬁes max-∞ or min-∞. Then G is
solvable-by-ﬁnite by Proposition 10.1. Hence, by Theorem 8.1, G has
max-∞ if and only if it is either polycyclic-by-ﬁnite or Pru¨fer-by-ﬁnite, and
similarly, by Theorem 8.2, G has min-∞ if and only if it is either Cˇernikov
or inﬁnite cyclic-by-ﬁnite.
In view of this result, the question naturally arises as to whether any
groups with max-∞ but not max exist, which are not Pru¨fer-by-ﬁnite; also,
are there groups with min-∞ but not min, which are not inﬁnite cyclic-by-
ﬁnite? It turns out that there are groups of the ﬁrst type. We ﬁrst mention
a very important theorem of Ol’sanskiˇi about embedding countable groups
without involutions, which gives an example of such a group.
Theorem 10.3 [3, Theorem 35.1]. Let Gµ	µ∈I be a ﬁnite or countable
set of non-trivial ﬁnite or inﬁnite groups Gµ without involutions, let I ≥ 2,
and let n0 be a sufﬁciently large odd number. Then the free amalgam of the
groups Gµ can be embedded in a countable simple group G with the following
properties:
(i) if x
 y ∈ G with x ∈ Gµ\1	, y ∈ Gµ for some µ, then G = x
 y;
(ii) every proper subgroup of G is either a cyclic group of order dividing
n0 or contained in a subgroup conjugate to some Gµ.
Example 10.4. Let Gµ be a Pru¨fer group of type p∞ with p an odd
prime in Theorem 10.3. Then G is a group with max-∞ but not max, which
is not Pru¨fer-by-ﬁnite. Note that G is a 2-generator torsion group satisfying
min.
It is still an open question whether any groups with min-∞ but not min
exist, which are not inﬁnite cyclic-by-ﬁnite. Thus we formulate:
Question 10.5. Is there a group with min-∞ but not min, which is not
inﬁnite cyclic-by-ﬁnite?
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